





Suy ra
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9 n 9
c6 gidi han hitu han.

v6i moi n. Nhu véy (e, ) bi chin trén. Do d6 (e, ) y

2 Goi B 1a hinh chiéu cia A trén mit phéng (Oxy).

(5,0 Ta c6 B(z \1/6_ o].
diém) V3

Vitri C trén quy dao cha vé tinh dé quan sat vét thé tai vi trf A

13 nht khi AC ngén nhét. Ma AC ngin nhdt khi BC ngin

nhit. Bai todn trd thanh: Tim vi tf diém C tén elip

(E):x*+3y? =17 sao cho BC ngin nhét.

Goi toa d6 diém C 1a C(x;y;0). Tacé

16 Y 32 268
2 2 2
=(x-2) + y————J =x +y _4x_.__y+__
N 5
Ta cé 4x— 232 \/5 <2x? +2. Déu ding thirc xay ra khi x=1,
64 4
Tacéd y=2.2y.—=<4y’ +—-— Déu ding thirc xdy ra khi y=
J" J_ N
Do d6 BC’ =x*+y —4x——3£y+2—682 (x +3y )+66 49,
3
DAu déng thirc xay rakhi x=1, y= 4 Viy tai diém C(l 4 o] thi AC ngén nhét
b ‘\/5 . 3 } ) ﬁ 3 .
3 Goi ¢ 13 w6c nguyén duong thude khodng (172;;1.2 +n +3) cua tich ab.

(5,0 *) ¢ = q: thoa min didu kién bai toén.
diém) *) ¢ =b: théa mén didu kién bai toan.

Gia st ¢ #a, ¢ # b, Ta s& chiing minh c6 diéu vo ly.
Dita=n*+iib=n*+j;c=n*+k (1<i,j,kSn+2, k#i, k# j vai<j).

Vi n* =k (mod n* +k) nén ab=(172+i)(172+j)E(i—k)(j—k) (mod r* +k).
Vi c=n®+k laubc ctia ab nén (i~ k)(j-k)i(n” +k).

Do |i~k|21, |j—k|21 nén Ii—/c|-|j—/c|.>_ n+k>n’.

o Xét1<i<j<n+l:

Néu 1<k <n+1th 1£|i—k|£n, 13|j—k|$n:>Ii—/c|-|j—k|$n2. Diéu nay vo ly.
Néw k=n+2:

+)Khi 2<i< j<n+l thi |i~k|==n+2—i£n, |j~k|=n+2—j$n—1




= |i—k|-|j—k|£ n(n—1) <n®. Didu nay 12 vo ly.
+)Khi i=1 thi i—k|=n+2-1=n+1.
Néu j23 thi |[j—k|=n+2-j<n-1=|i-k||j-k|<(r+1)(n-1) <n’. Diéu ndy v6 Iy.
Néu j=2 thi |j—k|=n+2~j=n=|i—k|:|j-k=(n+Dnin*+n+2. Diunayvoly.
o Xét j=n+2:
Néu k22 thi |i—k|£n+1—2=n—1, |j—k|=n+2—k$n
:f>|i-k|~|j—k|£n(n—1)<n2.Diéunéyvé ly.
Néu k=1 thi |i~k=i-L |j—kl=n+1=|i-k|-[j—k=G-D(+1).
Suyra (i-D)(n+)2rn’+1=>i=n+l
San+l)in’+1= n—-1in"+1=>n-12n"+1. Didunay vd ly.
Do d6 khong tdn tai wéc nguyén duong c e (n2 ‘n? +n+3) chatich ab ma c#a,c#b.

Vay tap hop cc wée clia gb thda man bai todn 14 {a;b}.
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(5,0
diém)

a

Xét luot du tién, néu sir dung thao téc loai 2 thi ta c6 bd 56 (3,4,5) va tu day s6 ngoai
cung bén phai s& ludn tang it nhét 3 don vi nén khong thé viét dugce s6 6. Nhu vay huot dau
An phai sit dung loai 1 va viét b s8 (1,1,2).

Tu trang thai ndy, néu sir dung thao téc loai 2 s€ téng sb ngoal clung bén phai 1én it nhit 5.
Do d6, néu st dung thao tc loai 2 trong céc trang thai tiép theo thi An khéng thé viét duoc

s6 6.
Tém lai, An chi sir dung thao téc loai 1 va sau ding 4 luot choi, cdc bd s6 trén bang lin
lugt 1a: (1,1,2) = (1,2,3) = (2,3,4) —> (3,4,6).

Xét ddy sb (a,),., xac dinh bdi: oy =a, =a; =1 v g,y =ay,, +a, véimoei k=>1.

k=1
Nhiéin xét 1. Mot sé nguyén duong n bét ky bidu dién duge mét cdch duy nhat dui dang

tdng céc sb hang phan biét ciia ddy (ak) trong d6 chi s6 cua hai s6 cach nhau it nhét 3

k21’
don vj va khong c6 sb hang ndo 12 a, a,. Ta chirng minh nhén xét bing quy nap manh,
Trudng hgp n=1=a,: ding.

Gia st ménh @& ding v6i moi s6 nguyén duong nhé hon n. Goi a, 14 $6 hang véi chi sb
k 16n nhét thoa mén a, <n. Trong biéu didn cua » phai c¢6 a,, vi bing quy nap ta c6
a,_ +a_y +...<a,. Khi d6 xay ra 2 trudng hop: hodic n=a la bidu difn duy nht; hodc
n>a, vitdn tai bidu dién cho n-a,. Dé ¥ ting sb n—a, nho hon a,_,, vi néu nguge lai
n>a, +a,_, =a,,, mauthuin véi cach chon a,. Do d6, trong biéu din ctia n—a, khong
chva a,_, a,_, vatathu dugc bidu di&n thoa mén yéu cdu cho n.

Véimoi n, bidudidn n= > a,, trong Nhén xét 1 tuong ing v6i mot ddy nhi phén théa mén

ddng thoi 2 didu kién sau day:




1. D dai cua déy bing k ;» trong d6 k; 1a chi s6 16n nhét sao cho a, <nm
2. Vitr{ tht k, (tinh tir trdi sang phai) nhén gi4 frj 1 néu va chi néu ay, cO trong bidu
dién cua n.
Ta goi dy nhj phén tuong ing 13 bidu didn chudn va ky hiéu 1a 7.
Nhén xét 2. V6i m8i s6 ty nhién n, xét bidu din n=3a, vadnhxa f(n) =3, a,_,. Khi

d6, bo s trén bang s& ludn c6 dang (1 (f(n)), f(n), n).

That vay, bd sb ban ddu c6 dang (a,,a,,a;)=(f(f 1)), f(1),1). Gia st bd s6 (x,,2)
théamin z=13a, 5, ¥= .l 4, ¥ = 2.0, takiém tra ca hai loai thao téc déu c6 bo sb &
dang trén.

Viiloai 1, tacd f(x+2)= /(T (A +, )= F (S ah) = X ag ==

Véi loai 2, ta ¢ f(x+y+2z+1) =f(Za,(i+5 +a3)=2aki+4 ta,=x+y+z+l, va
f(x+y+z+1)=f(2a,‘,+4 +az)=2crki+3 +ay=x+z+1.

Nhén xét 3. Ti tinh todn & Nhén xét 2, thao téc loai 1 twong duong véi viéc thém mot sb
0 vio bén trai biéu dién chuin cta z trong (x,y,z) trén bang, con thao téc loai 2 twong

duong véi viée thém 001 vao bén trai bidu dién chuén cha z.

Quay lai bai todn, d& y ring bd sb ban du ta quy uée 14 (a,,a,,a,) tmg véi bidu didn
chuén (100,010,001). Do d6, bai todn tuong duong véi viéc tim & nhé nhét dé sau k
buéc thém 0 hodic thém 001 vao dudi ciia @ =001 dé duge 129.

Dén ddy, ta tinh dugc 15 s6 hang dau tién ctia ddy (a,),,, 12

1,1,1,2 3,4,6,9,13,19, 28, 41, 60, 88, 129,
Ta suy ra bidu dién chudn cua 129 1a 000000000000001, nén cin dung 12 bién ddi loai 1.
Vay k=12.

HET










Goi E, G 1An luot 12 giao didm cia C4 véi (J) va (I); F, H lan luot 13 giao didm cia
DB véi (J) va (I). Suy ra GH// EF, do cling d6i song véi 4B trong t& gide ABCD. Tix
&U—)=Ey&, ta suy ra Qq=211; ma GH va EF song song nén CD song song EF
'PCI(J) DI(J) CE DF

(dinh ly Thales). Vay CD d6i song AB hay 4, B, C, D cung thudc mdt dudng tron, B aé
dugc chimg minh.

Trd lai bai toan, goi (0,) va (0,) 14n luot 13 céc dudng tron ngoai tiép T4J, TEF. Khi doé,

Puoy IA-1 T 'PP/(o,)zﬂ'ﬁ PJ

Puoy 1E-I IT" Poyoy PF-PT  PT’

Goi K 14 giao didm thit hai khéc T cia (0,) v& (O,). Ap dung Bd @& cho hai dudng tron

(0,) va (0,) (chtnhau tai T, K) va hai diém I, P, ta quy v& chiing minh v _F

7 O

V1 BI va CP 14n luot 13 trung truc ciia AE va AF, ta suy ra D 13 tAm duong tron ngoai
tiép tam gidc AEF va AD la dudng kinh cta (0). Taco

ETF = EAF + AET + AFT = EAF + EAM + FAM = 2EAF.

Mait khéc, EDF = 2FAF (do D 1a tdm dudng tron ngoai tiép tam gisc AEF). Do dé,
EDF = ETF va ta suy ra t&r gidc ETDF ndi tiép. Vi DE=DF nén D la diém gitta cung
EF . Suy ra, TD la phan gidc géc ITP nén (*) dang, tic 1a dudng tron (TIP) ciing di qua
giao didm T, K ctia (O,) va (O,).

Cho AT cit BC & H. Cho AU cét lai (0), (O)) l&n lugt & N, Q. Dé ching minh (TLU)
di qua K, ciing theo BS d8, ta quy v& chiing minh ring

Poy _ Rino, - EE=@@® 2LT - HA _ ZU—QE o TL UQ

Puoy Py  LE-LF UE-UF  4HB-HC 4XB-XC TH NX'

Goi G 14 giao didm hai tiép tuyén & 4, T cta (O) va OG l&n lugt cit AT, AM G W, 7Y,
Cho AM chtlai (0) & S vake tiép tuyén cia (O) 6 T, S cit nhau & R.
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Cho XY cét AO & Z. Rerang A, G, T, M, O cing thudc dudng tron duong kinh OG. Ta
c6 AMG = TMG = @, kéo theo tir gidc OMXY ndi tiép. Vi thé nén X¥ L OG. Hon nita
OG 13 phan gi4c trong cha tam gidc XOZ nén XY =YZ. Vi XZ// AT nén ta co
A(TY , XZ)=-1.

V1 AT, AS dang gidc trong BAC nén TS// BC vi ReOM. Tam gidc GOR c6 dudng cao
tai cdc dinh G, O cht nhau & X nén XR 1 OG. Suy ra X, ¥, R thing hang. D& thiy WO
1a duwdng trung binh cia ATD nén Y latrung diém cta doan 4J. Mitkhac X ciling 13 trung
diém cta doan AU nén XY //JU. Tixdé XR // JU.

Vi A(TS,XD)=-1 nén TNSD diéu hoa, kéo theo R, N, D thing hang. Do d6
AND = 40J =90° (gbc chén dudng kinh) va JQ // RN (cing vudng géc AU).

Cho TS cit XU & V thi 2~m Cén chirng minh
TH VX'

IIZ? ]l\/g, II;I%’ (ddy ty sb bang nhau).

S DA ,
Ap dyng dinh 1y Pascal cho bd (N g T) ta dwge R, V, J thang hang. Luc ndy, theo dinh 1y

Thales thi ]IV]% ;% ta quy vé& chiing minh
Yu_Jo -
VX RN SVN-RN=VX -JO & Sy =Sy < AR /1 JU.

Két quéa cudi ding nén (TLU) di qua K. Vi thé bdn dudng tron da cho c6 cing didm chung
thiy hai 1a X khéc T.




(6,0

diém)

Xét da thirc R(x)=—x3Q(l] =x* —4x* +5x—1. Ta thiy m8i nghiém duong cua Q(x) s&
X

twong ung véi diing mot nghiém duong ciia R(x).
Ta c6 dao ham R'(x) =3x* —8x+5.

Nghiém cta R'(x) 14 x5 =1>0, xop = % >0.

Ham sb R(x) tang thuc sy trén céc nita khodng (—o0;xgp |, [Xop;+o0) va gidm thuc sy trén
doan [xgp ;% |-

5

Khi d6 R(0)=—-1<0, R(xzp)=R(1)=1>0 va R(xc7.)=R(§)=£>

27
Do lim R(x) = +oo, db thi ham y= R(x) cét truc hoanh tai mot diém duy nhét ¢6 hoanh do

X0

thudc (0;1). Suy ra da thitc R(x) cé duy nhét mdt nghiém duong, kéo theo Q(x) cling c6

0.

duy nhit mot nghiém duwong,

Néu P(x) thoa min diéu kién thi —P(x) ciing théa mén nén c6 thé gia st a > 0.
Goi r <s <t 14 cac nghiém dwong cia P(x). Khi d6 P(x)=a(x—r)(x—s)(x~1).

. . , c. d
Theo dinh li Vittetacd r+s+t=—>0, rs+st+tr=—>0, rst=——>0.
a a a

Vi P(x) ¢6 3 nghiém duong nén ¢ >0, b<0, d <0.
bitd=a, b=-B, c=C, d=-D,

va S =r+s+t=£>0, S, =rs+st+1r =£> 0, S, =rst =2> 0.

A4 A A
Khi d6, theo bit déng thitc Cauchy-Schwarz, dé y didu kién r, s, f 12 3 s6 duong phén biét,
ta nhan dugc S >3S,, S,” >3S,S,.
Theo bét ding thirc AM-GM cho 3 s6 duong phén biét ta ciing c6

S, >33[S,, 8, >33[s,* = 5,5, > 98,

Két hop lai ta suy ra 34C < B?, 3BD <C?, 94D < BC. 1)
Ta s& chi ra ting S =|a|+ || +|c| +|d| = 4+ B+C+ D 213. Thit vay, gia st S <12. Khi d6
vi A,D21 nén

9AD<BCS(B;C]2 < (MT < (MT =(6—JA_D)2.

2 2
Suy ra 24D +3AD ~9<0, tirc 14 -3 </ 4D <%. Vi 4,D>1 nén 4De{l;2}.

Trudong hep 1: Gidst AD=1. Khidé A=D=1, suyra B+C <10, BC >9.
Do BC>9=>B+C>6.Viy B+Ce{7;8;9;10}.

Mt khac tir (1) ddn téi 3C < B*, 3B < C>. )
Do d6 néu trong B, C c¢6 mot sb 16n hon 3 thi s con lai cling 16n hon 3. (*)

Ta xét céc truong hop sau:
Truong hop 1.1: B+C =7. R rang trudng hgp nay khong théa mén (*).
Truong hop 1.2: B+C =8. Do BC >9 va (*) nén chi c6 cip s6 (B,C)=(4,4).
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Tuy nhién khi d6 da thirc P(x) = x* —4x> +4x—1 c6 nghiém hiiu ty x =1 nén loai.
Truwong hop 1.3: B+C=9. Do BC>9 va (*)nén (B,C) e {(4,5);(5.4)}.
Xét (B,C)=(4,5). Khidé P(x)=x"-4x"+5x-1 c6 P'(x)=3x"-8x+5.

5
Nghiém cia P'(x) 1a xp =1, Xy =3

Do P(0)=-1<0, P()=1>0, P[> J125 100,25 1230, nén da thic P(x) c6
3) 27 9 3 27

duy nhit mdt nghiém duong, nghiém nay thudc khoéng (0;1): loai.
Xét (B,C)=(5,4). Theo cau a) da thirc P(x)=x’—5x" +4x~1 c6 duy nhit mdt nghiém

duong: loai.
Trudng hop 1.4: B+C =10. Do BC>9 va (*) nén (B,C)e{(6,4);(4,6);(5,5)}.

Véi (B,C)e{(6,4);(4,6)} : khong théa mén diéu ki¢n (2) do 3-6 > 4.

Pbivéi B=C=5. Khi d6 P(x)=x"—5x*+5x—1 c6 nghiém hitu ty x=1: loai.
Trwdng hep 2: Gid st AD=2. Suyra A+D=3, B+C<9, BC>94D=18.

Theo AM-GM, ta phai c6 B+C 224BC 224/19 > 8.
Vivdy B+C =9, suyra BC s% Dén t6i BC e {19;20}.
D& thiy truomg hop BC =19 khéng théa méin. Vi véy ta phai c6 BC =20, B+C =9, suy ra
(B, C) 12 mdt hoan vi cla (4,5), trong khi (A, D) 14 mét hoan vi cua (1,2).
Pé bit ding thoc (1) dugc théa mén, ta thdy chi c6 thé xay ra cdc kha ning sau:
(4,B,C,D)=(1,4,5,2) hodc (2,5,4,1). Tuy nhién, trong hai trudng hop ndy, hai da thire
P(x)=2x"-5x"+4x—1va B(x)=x"—4x* +5x-2 du c6 nghiém hituty x =1: loai.
Nhu vdy taphdicé S=A+B+C+D2>13. Taduaraviduvéi §=13.
Xét (4,B,C,D)=(1,5,6,1), khi d6

P(x)=x"-5x"+6x~1.
Do P(0)=-1<0, P} =1>0, P(2)=-1<0, \IEE) P(x) =+o0,nén theo dinh 1y Bolzano, da

thitc bac ba P(x) c6 ding 3 nghi¢m dwong phén biét x,, x,, x,, voi 0<x, <1 <x, <2<x,
R rang, theo tidu chudn Eisenstein, P(x) khong c6 nghiém hitu ty vi hé sb tw do cua da thirc
monic P(x) bang —1, hon nta P(+1) = 0.

Vay S, =13.

min

(7,0
diém)

Chon m =18. Khi d6 Mario s& nhay xa duoc ding mot 1in véi d6 dai =14 (mét), Can phai
di chuyén thém 18—14 = 4 (mét), khong di cho mét 14n nhay véi do dai a =6 (mét), nén
Mario cdn phai nhay thém 4 14n, m8i 14n véi d6 dai 1 mét. Vi viy Mario phai nhay ding 5
l4n.

Trong khi d6, cé cach khéc chi sau 3 14n nhay, m8i 1&n véi d¢ dai 6 mét dé dén dich véi
khoang cdch 18 mét, va do dé Mario s& thua.
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Ta goi mdt cip (a,b) 12 T6t, néu Mario ludn thing véi moi sb nguyén dwong m. Trong
trudng hop nguoc lai, tic 13 néu tdn tai mot sb nguyén duong m sao cho Mario thua, thi ta
néi (a,b) 13 Khong tbt.
B a&. Cip (a,b) 1a khong tbt khi va chi khi tdn tai s nguyén n>2 sao cho
(n—-Va<b<nla-1).

Chikng minh bé de.
Diéu kién di. Gia st (n-1a<b<n(a—1). R8 rang khi d6 a>n. Cho m=na, khi d6
Mario s& nhay mot 14n véi d6 dai b mét. Khoang cdch con lai cAn phai di chuyén la
na—be[n;a), nén Mario s& phai nhay thém it nhit » 14n, mdi 14n 1 mét. Tdng cong Mario
phai nhay it nhit »+1 14n. Tuy nhién c6 cach khéc dén dich v6i n 14n nhay, m8i lin a mét,
do d6 Mario sg& thua.
Diéu kién cdn. Gia six (a,b) 13 mot ciip khong tdt, do d6 ¢ céch nhay dén dich véi sb lan
nhdy it hon cch cia Mario. Goi s§ 1in nhay tuong tng (b,a,1) mét ciia Mario 1a
(xuY62),% 20,20,z 20. Suy ra tdn tai mot bd (x,,¥,,2,) khac gdm cac sb nguyén
khong &m théa mén

xb+yatz =xb+y,a+z,

N+ tz >x,+),+z

X 2 X,
Tir cée hé thire trén suy ra (x, —x,)b+ (¥, —y,)a =2z, —z, <(X, = %)+ (¥, = »,).
Do dé (y,—y,)(1—=a)>(x,—x,)(b-1)20. Via>1 suyra y <y,.
Ngoai ra khong thd xay ra trudng hop X, =%,, vi khi d6 ta phai c6 ddnh gid
z,—z,=(y,~y)a>a, ddntdi z, > a: mau thuln véi cach choi clia Mario.
Vi viy ta c6 hé thitc (x, ~x,)b+(z,—z,) = (¥, —y)a.
bitt=x-x,eZ', u=y,-y €Z*',v=2-2,€Z. Suyra {Ib+v -l

t+v>u
Theo céch nhdy xa clia Mario, taco v=1z -z, <z <a. Do dé
wa—~a<ua-v=tb<ua+t-u,

dan t6i (u —1)a <tb <u(a—1)+¢. Chia ca hai vé cho 7> 0 ta nhan duoc

”—[_1a<b<’f—‘(a—-1)+1.

(2
!

u—1

bt ( -|=neZ+, suy ra (n—-1)< va %Sn. Do b 1a sb nguyén duong, ta suy ra

(n—-Da<b<n(a-1). Do n2> —b—l >1 nén n>2. Bb d& dwoc ching minh.
a__

Bay gid, v6i m8i b>3 cb dinh, ta dém sb cip (a,b) tbt. Tir BS d& trén ta thiy ring (a,b) 1a
b

khéng tbt khi va chi khi ton tai sé nguyén n>2 sao cho 2+1 <a< Pt
n n-—
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Vi (n-1)a <n(a-1) suyra n<a. Tird6 véi (a,b) 1a khong tdt, phai cé6 n(n—1)<b.

Goi ! 14 s6 nguyén duong sao cho I(/ —1) <b <I(] +1). Khidé 2<n <. Vivaycip (a,b) 1a
khong t6t khi va chi khi 2<a<bva aeS, d d6tap S 1a hop cua (I —1) khoang d6i mot
khong giao nhau sau day:

S= Z’_+1; b U b +1; b )u 2+1;é U 2+1;b),
I 7l-1 -1 1-2 32 2

Do d6 ciip (a,b) 1atdtkhi vachikhi 1<a<b va agS. D& thdy v6i moi k, 3<k </, c6 duy

nhit mot sb nguyén duong a=[ki1--| ndm gifta hai khoang lién tiép [;{)—?LI;IC_%)’

[% +1; k—b_lj va khong thudc hai khoang nay.

Téng cdng c6 (I -2) s6 a nhu vy, Ngoai ra, c6 l'?-‘—l sb a thoa mén 1<« <%+1.Vc’xi

b
1
I+1-3=21-3, I(I-1)<b<]?

I+141-3=21-2, P<b<I(+1)

100

Do d6 sb ofip tét véi 1<a <5 <100 a 7= ([ 246 |-3).
b=3

mdt sb b <100 cb dinh, c6 H}ua—z)% 1+(1—3) = K(b) cip (a,b) tbt.

Nhan thiy X(b) ={ Suy ra K(b) = [2«/3 ]—3.

Nhén xét ring véi 91< b <100, [2«/3 ] =20. Do db
90
T =(20—3)-10+;([2JZ]-3).

Pt [2\/5 ] =c, suy ra 4<¢ <19. Véi mbi sb ¢ cb dinh, ta c6 [2\/1; ] = ¢ tuwong duong véi

02

_1\2
c—1<2«/3,<_c<:>(c—412—<b57 *)

Béng céch xét tinh chin 1& coa ¢, ta thdy c6 tAt ca [gJ s6 b théa mén (*) voi mbi sb cch
dinh. Vi vay, néu djt d = {%J, tacod
19 c 9 9
T =170+Z(c—3)bJ =170+ (2d~3)d + ) (2d -2)d
c=4 d=2 d=2
9 9 9 9 9
=170+ (4d-5)d =170+4Y d*~5) d =170+4) d* -5 . d —4+5
d=2

d=2 d=2 d=I| d=1

9.12-19_5, 9'210 =171+1140-225 =1086,

=171+4.

P4p s6: 1086 ciip.




