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[pE THI CHINH THUC|

Cau 1 (4,0 diém). Xét ham s6 f : R — R thod min
fley+ f(f(f(z +y))) =2 +y—zyvéimoiz,y €R.
a) Chitng minh f 13 don 4nh.
b) Tim tit ci cdc ham s6 f thod man diéu kién trén.
Cau 2 (4,0 diém). Xét céc sb thuc z, y, z khéc 1, théa méin ddng thdi cac diéu kién
c+y+z=3 va azyz=1 ™
a) Chitng minh rang max{z,y,z} > 4.
b) Tim s6 nguyén duong k > 2 nhd nhét sao véi moi z, y, z khac 1 théa man cac diéu kién (*)
thi ludn c6 cin bac k clia cic b |z|, |y| va |z| 12 d6 dai ba canh ctia mt tam gidc.

Cau 3 (4,0 diém). Trén dudng tron (0), cho day cung BC ¢b dinh, khac dudng kinh va diém
v - ze = Asthay dbi thude.(0). saosche-tam gide.ABE nhon; khong cin. Goi-H-la.trgctam va-BD,-:CEx oars.-
14 cAc dudng cao cla tam gidc ABC véi D thude AC, E thudc AB. Dung céc hinh binh hanh
ADGE, ADBP, AECQ va ABKC.
a) Chitng minh ring khi A thay d&i, diém G luén di chuyén trén mét dudng tron cb dinh.

b) Gia st PQ cit BC & T va BD, CE cit AT theo thtt tu S, R. Chiing minh rang KR, KS
tiép xiic véi dudng tron ngoai tiép tam gidc HRS.
Cau 4 (4,0 diém). Tim tht ca céc s6 nguyén duong 1& m > 1 thod man: véi bét ky cac s6 z, y
nguyén va n nguyén duong 16n hon 1, néu 22* = »*" (mod m) thi ta ¢4 z = y (mod m) hodc
z = —y (mod m).
Cau 5 (4,0 diém). Cho bang 6 vudng 8 x 8 ¢6 cic hang duge dénh sb tit 1 dén 8 (tif trén xubng)
va céc cbt duge dénh sb tir 1 dén 8 (tir trai sang). Ta can t6 mau ding 7 6 vudng nao dé cla
bang.
a) Dém sb cach t6 mau sao cho chi 6 diing mét 6 vudng clia bang ma trén hang va cét chira
né, khéng c6 6 nao duge td mau-(ké-¢a nd). - S AR R e
b) Chitng minh rang vdi moi cich t6 mau (khéng nhét thiét thod mén diéu kién & ciu a),
luén tdn tai mot hinh vudng con 2 x 2 ctia bing ma wén dé, ¢6 ding mét & dudc td mau.
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HQI CAC TRUGNG THPT CHUYEN KY THI CHQN HQC SINH GIOI
VUNG DH&PB BAC BQ LAN THU XVI, NAM 2025
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= (Gém c6 06 trang)

HUONG DAN CHAM

Cau

N¢gi dung

Piem

Xétham s6 ham sé f:R — R thoa min
SO+ f(f(f(x+y))=x+y—xp véimoi x,y eR.

a) Chimg minh ring f la don 4nh.
b) Tim tit ca cic ham s6 s thoa man diéu kién trén.

a) Trong dé bai, cho y=0, tacd f(S(S (S (X)) =x véimoi xeR (*).

Gia sir ¢6 a,beR ma f(a)=f(b) thi F(/(S(f(@))=/UUTG))

tam gidc.

nén tix (*), ta duge a=b, tircla f don anh. e
b) Trong dé bai, cho y=1, ta céd f(x+(/(f(x+1)))=1. Vi tinh don
Caul |é4nhcia f nénton tai hing s6 ¢ dé £
4.0 didm) _ x+ [ x+D)=c-1. , ’
Lai thay x— x—1 thi f(/(f(x)))=c—1—(x=1)=c—x v6i moi xeR.
Tiép tuc tinh 7 hai vé ciia ddng thirc cudi va dung (*), ta dugc
Sle=x)=fSTTEM) =x. 1,0
Vithé nén f(x)=c—x véimoi xeR.
Thirlai, tacé f(f(x))=c—(c—x)=x nén [(/(f(x+y)))=c—(x+y). O 5/“
Do d6 v&imoi x,yeR, / &
ST+ (x+y))=f(p+ec—x—p)=c—(y+c-X-y)=x+y—Xp. T
Vay tt ci cdc ham sé cln tim 1d f(x)=c—x, VxeR v c 12 hing sé.
Xét céc sb thuc x,y,z khéc 1, thoa mén diéu kién x+y+z=3 va xpz=1 (¥).
| 2) Chimg minh rang max {x, y,z} 24.
CAn 3 b) Tim sb nguyén dﬁan;g k=2 nilé— 'rllhét ‘sa(.) vGi moi x,y,z khic 1 thoa man céc-
(4 diém) | didu kién (*) thi luén c6 cin bic k cia cic sb |,|¥] va |z| 1a 46 dai ba canh cia

a) Gia sir max{x,y,z}=x,do x+y+z=3 nén x>1.Tacd y+z=3-x

1.0
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Vi yz= % Miit khdc (y+2z)* 24yz nén suy ra (3-x)* ai. O]\
X
Bién déi twong dung dugc (x—1)*(x-4) >0 nén x4, 0}<

b) Van xét x 16n nhét thi x >4, yz > 0. Mit khic, néu x,y,z>0 thi theo
bét diing thirc AM-GM, tacd x+y+z2 3\Jf.\yz =3 va ding thirc phai xay

ra, kéo theo x = y =z =1, khong thoa man.

0,5

Tiép theo, ta xét y,z<0 va dit u=-y>0, v=-2>0. Ta viét lai cac
diéu kién (*) dé cho thanh x=3+u+v va xuv=1.

Do d6, x ludn 1dn hon té“mg cia hai s6 con lai nén ta cAn tim k sao cho

My <Xu+4.

0,5

Thay (x,u,v) =(4,%,%] vao bat déng thirc trén thi 44 < %— hay Yg<2.

Tirdotacd k>3 hay k>4,

0,5

Ta s& chimg minh ring k =4 théa man didu kién di cho, tirc 12

4/;<{/;+4/1_) hay \/;<J§+J;+2</u_v=«f;+~/;+%.

Ta s& chimg minh dénh gid chit hon 14 Vx < +v +—j= hay
b o

7 :
J;—-—J_;<JE+J;.

0,5

=

Vi x=4 nén J_—J_>O va binh phurong 1én c6 x+i—4<u+v+2ﬁfuv
x x

hay 4 <142 Panh gid cubi ding vi x>4.
x  Ax

Vi thé nén sb nguyén duong nhé nhét thoa mian 1a & =4.

Cau 3

(4,0 diém)

Trén dudng tron (0), cho day cung BC c6 dinh, khic dudng kinh va diém A thay
dbi thuge (O) sao cho tam gidc ABC nhon, khong cin. Goi H la tryc tim va
BD,CE la cic dudng cao cia tam gidc ABC véi D thugc AC, E thudc 4B.

Dung céc hinh binh hanh ADGE, ADBP, AECQ va ABKC.

a) Chimg minh ring khi 4 thay déi, G 1uén di chuyén trén dudng tron cb dinh.
b) Gia st PQ cit BC & T va BD,CE cit AT theo thir ty & S,R. Chimg minh

ring KR,KS tiép xic v6i dudng tron ngoai tiép tam gidc HRS.
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) Goi M 1a trung diém BC va N Ia trung diém chung ciia DE, AG. Lay
I déi ximg O qua M thi I cb dinh. Do AH =2MO=10 va AH || MO
nén n.r gidc AHTO la hlnh binh hanh.

0,5

Ta cé GE|| AD nén GEJ_HD Tucmg fur, GDJ_HE nén H l1a tnrc tam
ciia tam gidc GDE, kéo theo HG L DE. Ta ciing ¢c6 AO LDE nén
HG|| AO. T day suy ra H,G,I thing hang nén IG || AO.

Dén day ta c6 2 cach gidi nhu sau:

0,5

Céch 1: Vi DE dbi song trong tam gidc ABC va AN la trung tuyén cia
tam gidc ADE nén ciing la dcn trung trong tam gidc ABC. Suyra AG di

ua giao diém S cu B,C cua (0). Vi IG|| AO nén

theo dinh 1y Thales thi I—g =—;% ¢b dinh. Do d6, d6 dai IG c6 dinh nén

G di chuyén trén dudng tron tim /, ban kinh cb dinh.

39

1,0

—

0,5

Cdch 2: Ta ¢c6 MD=ME =-%BC nén tam gidc MDE cidn & M va
MN 1 DE. Do d6 MN || AO. Tir d6 kéo theo tir gidc AOIG la hinh thang
‘nhan MN 14 dudng trung binh. Miit khac, DME = 2DBE = 2(90° = BAC)

cb dinh. Vi thé MN 13 dudng cao trong tam gidc MDE cén c6 canh bén
v gbc & dinh cb djnh nén do dai MN cb dinh. Ta c6

MN=ﬂ’_2‘f§- hay IG = 2MN — AO cb djnh.

Tir déy ta ciing ¢ két lun nhur trén.

Lad

1,0

O/>
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b) Ta c6 BP||AC,KB || AC nén P,B,K thing hang. Tuong tu thi O,C,K
ciing thing hang. Theo dinh 1y Menelaus cho tam gidc KPQ thi

E__Bﬁ.ﬁ=£.£=(££)z_(@)zu APY
TQ BK CQ AC AE \AC CE AQ )"

Vi thé 74 tiép xic véi dudng trdn ngoai tiép tam gidc 4PQ.

0,5

Dé y ring APK = AQK =90° nén M i tdm cila dudng trdn (APQ). Do
d6 TA L AM.

Ké Ax|| BC,Hy|| AT thitacé A(Mx,BC)=-1 ma
HAL Ax,Hy L AM,HR 1 AB,HS 1 AC
nén theo tinh chét tryrc giao, ta dugc H(y4,RS)=-1. Do d6, AR= AS.

0,5

Xét tam gidc HBC c6 HK 1a dudng kinh cia (HBC) va HAL BC nén

HA,HK ding gidc trong BHC, ciing ding gic trong gbc RHS . Ma HA
14 trung tuyén ciia tam gidc HRS nén HK chinh 13 dbi trung ciia HRS.
Cuébi cung, vi K4 14 trung tric cia RS nén K chinh 1a giao diém hai tiép
tuyén tai R,S cla dudng trdn (HRS).

Ghi chi: D& chimg minh T4 tiép xiic véi (APQ), ta ciing cb thé cho AH cit lai

dudmg tron (KPQ) & L 1di chi ra tir gidc APLQ diéu hoa 1a duogrc.

Chu 4
4 diém)

Tim tat ca cic s6 nguyén duong 1& m>1 thod min: véi moi s6 nguyén x, y,n va

n>1,néu x* =¥ (mod m) thi x=y (mod m) hodc x=—y (mod m).

Ta quy u6c goi cac s6 nguyén thoa mén diéu kién da cho 1a s “tdt”.
Xét m= p 1a s0 nguyén to p cé dang 4k—1,keZ* va gia st cd

PIx -y = (=) + YN ) ™),
Néu tdn tai ie{l,2,....n—1} ma p|x* +y* =(x*")*+(»*")? thi theo tinh
chit quen thudc cia sb nguyén té dang 4k-1, s€ c6 p|x* ,p|y*" va
nhu thé x=y =0 (mod p).
Con néu p|x*—y* =(x-y)(x+y) thi phdicé p|x+y hodc p|x—y nén
x=%y (mod p).
Do db, céc s6 nguyén t6 dang ndy déu tét.

Gia sir ¢6 56 tot m 1a hop s6. Dat m=ab véi 1<b<a<m va a,b 1a cac

s6 nguyén 1, Chon x = a—;b V= f;—b thi

X -yt= (a+b) —(a-b)’ =
4
Do d6 m|x*~y* nén m|x* —p¥, lic ndy phai ¢c6 x=y (mod m) hodc
x =~y (mod m), Diéu nay kéo theo m|a hofic m|b, déu vé 1y.
Vi thé, céc hgp s6 déu khéng thoa man.

ab=m

1,5
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Cudi ciing, xét m= p 1a s nguyén té c6 dang 4k+1,keZ*. Khi d6 tén
tai s6 nguyén x sao cho p|x*+1. Nhu vdy véi moi n>1,ta luén cb
plx¥ =1 nén x=zl (modp), din dén 0=x*+1=2 (modp), vd Iy.
Nhur thé, cdc sb nguyén t6 p=4k+1 khong l1a s tét.

Viy tht ca céc sb cin tim 1 s6 nguyén 16 c6 dang 4k-1,keZ’.

1,0

Ghi chii: & bude chimg minh hop s8 khong thoa man, ta c6 thé xay dung cap (x,y)

phén vi du bing cach xét cic ude nguyén t6 rdi ding dinh ly thang du Trung Hoa.

Cius

(4,0 diém)

cot chira nd, khong ¢ 6 nao dugce td mau (ké ca né).

Cho bang 6 vudng 8x8 c6 cac hang dugc danh s8 tir 1 dén 8 (tir trén xudng), cac
cot duoe dénh sb tir 1 dén 8 (tir trdi sang). Ta cén t6 mau ding 7 6 vudng clia bang.

a) Pém s6 cach t6 mau sao cho chi ¢6 ding mét 6 vuong cua bang ma trén hang va

b) Chimg minh riing véi moi céch t6 (khong nhét thiét thoa man diéu kién & cau a),
ludn tdn tai mot hinh vudng con 2x2 ciia bang ma trén d6, ¢6 ding mét 6 dugc to.

a) Ta goi mot hang/cot ma khong ¢d 6 nao dugce té mau la hang/cot trong
Vi chi t6 mau 7 & nhung c6 dén 8 hang, 8 cot nén ludn cé it nhat mot
hang trong va mdt ct trong. Bay gid néu cd 2 6 duge t6 mau ma cung
hang thi s& c6 it nhét 2 hang trong, kéo theo giao clia chung Vvéi cot trong
s€ tao thanh 2 6 ma trén hang va cdt chira chiing déu tréng, khong thoa
mén. Vi thé, cdc 6 duge t6 mau phai thudc cic hang phan biét. Tuong tir,
chiing ciing phai thudc cdc ¢t phén biét.

10 (L2257

2 A

| Chon.-6 vuong thudc hang va cot trong thi c6.64 céach.

Trén 7 hang con lai, ta c6 14n luot 7,6,5,4,3,2,1 céch chon 6 dé t6 mau (6

chon sau s& khéng cling ¢t véi 6 da té trude dé khong cé hai 6 cing cot
dugce td mau) nén tong s6 cach td mau can tim sé bang 64x7!. 7
[]

1,0

b) Gia sir phan chimg ring mdi bang 6 vuéng 2x2 déu khéng chira diing
1 6 duge t6 mau. RS rang ciing phai ¢6 mdt cit trong, ta gia sir 1a cot thir
i voi 1<i<8. Ta xét c{t bén trdi (néu cd) clia cdt thir i ndy, tic 1a codt

thir i—1. Néu trén cot thir i—1 d6, c6 mot 6 nao d6 dugc t6 nhur hinh bén
duéi (c6 danh déu x):

1,0

Ta xét hinh vudng 2x2 tuong img chira 2 6 trén cdt i (14 hai 6 khong
dugc t6 mau) va chira lupn 6 x, Nhu vdy, 6 con lai & cdt i—1 cling phai
duge td vi néu khong thi bang 2x2 dé chi chira ding 1 6 duge té mau,
mau thufin véi diéu gia sir.

Tiép tuc nhur thé, cir xét cac hinh vudng chira 2 6 trén ¢t i va chira thém
8 dugc t6 mau nao d6 & cot i—1 thi bing 1ap luan tuong ty, 6 con lai cling

1,0
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du'qc t6. Diéu ndy cho thay ca cft i—1 phai duge t6 mau toan by, ch
c6 dén 8 6 duge td mau, vo 1y. Tir do, suy ra cot i—1 la mot cQt trong.
Lap ludn tucmg tur thi ¢t i+1 cling thé. Tir 6, ta mé rong tlep cho cic
cot i—2,i-3,...,1 va cdc cft i+2,i+3,...,8 ciing déu 1a cic cot trong Do
do, toan bo bz'mg khéng duge té mau, cling lai co diéu vé 1y.

Vi thé nén diéu gia sir ban dau 13 sai va phai c¢6 it nhit mét hinh vuéng
2x2 thod man dé bai.

Luu y. Cic bai todn ¢ ddy co thé c6 nhiéu cach gidi. Ban gidm khdo cén cir tinh hinh d cho

diém néu thi sinh 1am khdc cdch giai ctia huéng din chim thi.
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