Bai 1
1. Giai phuong trinh
z(z+1)+22Vr+2+2=0
2. Cho a,b,c la cac s6 thyc khac 0 théa man a® — 2a(b+ ¢) = b? —

2b(c + a) = ¢® — 2c(a + b). Tinh gia tri clia bicu thitc

M:a—b+b—c c—a
c a b

Chitng minh.

1. Diéu kién x4c dinh 2 4+2 > 0 & 2 > —2. Ta viét lai phuong trinh dudi
dang
22420V +2424+2=0& (z+vVZ+2)2=0
Dodbz+Vr+2=0e22=2+2« =2 hoic z = —1. Mit khac
tt (t++vz+2)=0tasuyraz <0. Vay z = —1

2. Tacé a®> —2a(b+c) = b —2b(c+a) & a®> —b* = 2¢(a — b) &
(a—b)(a+b—2c)=0.



Chimg minh tuong tu ta ¢6 (b—c¢)(b+c¢—2a) = (¢ —a)(c+a—2b) =0
Xét cac truong hop:

e Néu c6 hai s6 bang nhau, gid sita—b=0taco M =0+ —

c—a

+

=0
a

e Neua+b=2,b+c=2atacoa+b—b—c=2c— 2a hay

a—c=2c—2a. Do d6 a = ¢, ta quay lai truong hop 1.

Vay trong moi truong hop ta c6 M = 0.

Bai 2

1. Tim tat ci cdc s6 nguyén z,y théa man 22 +4y* = 2zy(z —2y) +5

2. Cho m,n 1a cac s6 nguyén théa man s6 m? — mn + 4n? chia hét

cho 25 . Chimg minh s6 m? + mn + 4n? chia hét cho 25 .

Chitng minh.

1. Tac6 2? +4y* = 2ay(z — 2y) + 5
S@-2y)?—-4-2zylr—2y—-2)=1
e(r-2y—-2)(z—2y+2)—2zy(z—2y—2)=1
S-2y—2)(z—2y+2-2zy)=1

Do z,y nguyén nén ta c6 cac trusng hop



Truong hop 1 :
z—2y—2=1
z—2y+2-=2zy=1
=>4-2ry=0&zzy=2var—2y=3
=22 +3y—2=0
=y =—-2=-—1
Trudng hop 2 :
z—2y—2=-1
T—2y+2—-2zy=-1
=>4 —=2y=02y=2vazs—2y=1
=2y + 3y — 1 = 0 (Loai)
Vay phuong trinh ¢6 nghiém duy nhit » = —1;y = —2
. Ta ¢6 (m + 2n)? — 5mn chia hét cho 25 nén (m + 2n)? chia hét cho 5

hay m -+ 2n chia hét cho 5 nén (m + 2n)? chia hét cho 25 hay 5mn chia

hét cho 25 hay mn chia hét cho 5.

Vi mn chia hét cho 5 nén m hodc n chia hét cho 5, ma m + 2n chia hét
cho 5 nén suy ra ca m va n déu chia hét cho 5, tit d6 m? + mn + 4n?
chia hét cho 25 do m?, 4n2, mn déu chia hét cho 25 khi m va n chia hét

cho 5.

Vi vay ta c6 m? 4+ mn + 4n? luon chia hét cho 25.



Bai 3

A

1a so

1. Cho z,y,k la cac so nguyén duong sao cho so p = p

nguyén t6. Tim k.
2. V6i a,b, c 1a cac s6 thyc khong am théa man a < 2,0 < 2,¢ < 2
va a + b+ c =3, tim gid tri 16n nhat va gia tri nhdé nhit ctia biéu

thitc P = \/ab(b+c+ 1)+ \/be(c +a+ 1) + y/ca(a + b+ 1).

Chaing minh.

1. bat (z,y) =d;x =21.d,y=y1.d (d € N*) trong d6 (z1,11) =1
Ta c6: Py =p.(0? +9°) = & 2ba = plof + ¢). [
Ma z13; nguyén t6 cing nhau véi 22 + y? = pizk.y

" I
Hien nhién & = 1 khong thoa man (p < 5)

e THI: zi = Lm= 1.
k-1

Tac6:$=y=>T=p

Véik:2:>g:phayx:2p,t1r0ng1’rngcéx=4,y:4,p:2
thoa man de

Vol k=3thieg=2,y=2p=2
k
Véi k > 3 thi ‘% 12 hop 6 nén vo 1y

o TH2: oy =Lt =P

dk+1p
&+ Pp?
Véidl=1+pP=>pP=d"1-1=(d—1).(d*2+..+1)

Ta cé: x =d;y = dp = = p = d = @® 4+ d%*p?



Néu k = 2 thi p> = d — 1. Thay vao (*)thoa man.
Neuk>3=>d-1<d?+.+1=>d-1=1thid=2
= d" ! —1=3 (mod 4) vo Iy vi p? 14 s6 chinh phuong.

e TH3: 2y =p;y1 = 1.
Theo (*) khong thoa man.
Vay k = 2 hodic k = 3 thda man dé

5 \/—
2. Tacd ab(b+c+1): 3ab(b+0+1)<3ab+a+b+1

do Cauchy.
V3 - 2V/3 '
2 3(ab+b 2 b 3
Tuong tu va cong theo timg ve ta c6 P < b+ 6] + - b8+ .
2v/3
- (a+b+c)? ) 3.3+23+3
Laicoab+bc+ca< ——=3nen P< ———— =33
) £ 5 W V3

Ta c¢6 (2—a)(2—0)(2—c¢) > 0 nén 2ab+ 2bc + 2ca > 4 + abe > 4.
Vi thé ab + bc + ca > 2.
Ta c6 P2 > ab(b+c+1) +be(c+a+1)+cala+b+1).

Khi d6 P? > ab?® + bc® + ca® + 3abe + ab + be + ca > ab(b + ¢) + be(c +
a) + ca(a+b) + 2.

Laicé a,b,c < 2nén a+b,b+c,c+a > 1hay P2 > ab+bc+ca+2 > 4.
Vi vay P > 2.
Tém lai gia tri nhd nhat ctia P bing 2 chang hankhia =0,b=1,¢ = 2.

Con gia tri 16n nhat ciia P bing 3v/3 ching han khi a =b=c = 1.



) HB BK BK MB
Do d6 ABHC ~ AKBC. Ta thu duogc HC —~ BC — CD — Mo

Suy ra HM la phan giac ZBHC. Suy ra ZMHC =45° = ZRBK.

Suy ra tit gide BRH K noi tiép. Ma H R 1a phan giac ngoai cia ZBH K
nén RB = RK. Suy ra tam giac BRK vudng can tai R.

. Ta ¢6 tit gisc M BY H noi tiép néen ZBY M = ZBHM = 45° = /X BO.
Suy ra BO || MY.

Lai ¢c6 OXBM noi tiép nen ZOMX = ZOBX = 45° = /BHM
nenM X || BH.

Néu OH || AB thi XBMO va BY HM la hinh chit nhat, suy ra BX -

BY = MO-MH = MB-MC = BM - BQ. Suy ra XMYQ ndi tiép.
" . . . BX TB TM _ OM

Néeu OH giao AB tai T thi VHE - TH - Tv - BY Suy ra

BX -BY = MO-MH = BM - BQ.

Vay tit gidc X MY Q noi tiép.

Ta ¢c6 ZHMY = ZHBY = /ZMXY nén MH 1 tiép tuyén cua
(MXY).

Lai c6 HY la phan giac ZBHK nén LY HB = 45°, suy ra HB la phan
gidc ZMHY , suy ra BY = BM.

BR lai 1a phan giac cia ZMBY nén RM = RY, suy ra RY la tiép
tuyén ctia (XMY).

Tit d6 goi N la giao cia MK v6i (M XY). Tac6 LZNKR = ZLYMN =
ZNYR, suy ra NYKR ngi tiép. Tt d6 ZYNR = 180° — ZYKR =
135° = 180° — ZQMY = 180° — ZQNY . Suy ra @, N, R thing hang.



Bai 4

Cho hinh vuong ABC'D ndi tiép duong tron (O) , diem M nam giita hai
diém B va C. Hai duong thing AM va DC cit nhau tai P. Hai dudng
thang DM va AB cit nhau tai K.

1. Chiing minh tam gidc BCK dong dang véi tam giac CPB

2. Hai duong thing BP va CK cét nhau tai H. Tiép tuyén tai B
ctia dudng tron (O) cit dudng thing M H tai R. Chiing minh tam

gidc BRK la tam giadc vuong can

3. Cac duong thing vuong goc véi OH ké tit O va H, cit dudng
thang AB lan lugt tai X,Y. Lay Q thuoc tia ddi clia tia BC' sao
cho BQ = CM. Chiing minh hai dudng thing QR, DK cét nhau

tai mot diém thuoc dudng tron ngoai tiép tam gidc MXY

Chaing manh.



,BK CD _ BK BC 5
=1 =0p " 55 = 5P Do d6 ABCK ~ ACPB (c.g.c)

1; Ta
2. Tit cau a) ta ¢c6 ZBHC = 90°.

HB BK BK MB
Do d6 ABHC ~ AKBC. Ta tl = == —— = ——,
o do C C. Ta thu dudgc e BC D AC
Suy ra HM la phan giac ZBHC. Suy ra ZMHC = 45° = ZRBK.
Suy ra t1t gidc BRHK noi tiép. Ma H R 14 phan gidc ngoai cia ZBHK

nén RB = RK. Suy ra tam gidc BRK vudng can tai R.
3. Ta c6 t1t gidc M BY H noi tiép nen ZBY M = ZBHM = 45° = /X BO.
Suy ra BO || MY.

Lai ¢c6 OXBM noi tiép nén ZOMX = /OBX = 45° = /BHM



Bai 5

Cho bang 6 vuong kich thude 6 x 6. O bude dau tien, ban Dan to d6 k
0 vuong bat ky ctia bang. Sau d6, § méi budc tiép theo ban Dan to d6
cac 0 vuong ké v6i it nhat hai 6 da duge to do (hai 6 vuong duge goi la

ké nhau néu chiing ¢6 canh chung).

1) Chi ra mot cach t6 do 23 6 clia bang ¢ bude dau tién sao cho du
sau bao nhiéu budc, ban Dan ciing khong thé to do duge tat ca

cac 0 cua bang.

2) Tim gi4 tri nhé nhat cla k dé ton tai mot cach to dé k 6 vuong
ban dau sao cho sau mot sd hitu han bude, ban Dan to dé duge
tat ca cac 6 vuong ctia bang.

Chiing minh.

1) Ta to d6 23 6 cia bang nhu hinh sau:



2) Véi k = 6, ban dau ta to6 d6 6 6 clia bang nhu sau:

Khi d6, dé thiy toan bo cac 6 con lai trong bang sé duge to hét. Ta

chitng minh & = 6 1a gia tri nho nhat can tim.



That vay, trude hét, ta sé ching minh sau méi 1an t6 dé thi tong chu

vi cac kh6i mau d6 1a khong tang. Ta xét phép bién ddi sau:

Ta thay t6ng chu vi cac khdi mau dé trude va sau khi bién ddi 1a khong
doi.

Xét phép bién ddi sau:

Ta thiy tong chu vi cac kh6i mau d6 sau khi bién doi gidm xudng.



Tuong tu nhu vay, cic phép bién doi khac khong lam cho tong chu vi
cac khoi mau do tang len. Ma néu ban dau chi t6 d6 k < 5 6 do, thi
tong chu vi khong vugt qua 5 - 4 = 20. Titc la khong thé dua vé duge
toan bo cac 0 trong bang déu to do, vi khi d6 chu vi clia cac khdi mau

d6 sé bang chu vi bang, biang 6 - 4 = 24 (vo ).

VQ'Ya kmin = 6.



Toan chuyén (Tin)
Bai 1

1. Giai phuong trinh v/22 — 3z = 2% — 32 — 2

T—-2y y-—-22

2. Cho 7,9,z 1a cdc s6 thuc duong théa man

A T
3 .,
%. Tinh gi4 tri cita bidu thic P = (2+ %) <2+ y) <2+ %)

Chaing minbh.
1. Gidi phuong trinh va2 — 3z =22 — 32 — 2

Diéu kign 22 — 3z > 0
Dat vVa? -3z =1>0
Phuong trinh da cho tré thanh
t=t?-2&t=2(dot>0)
& V12 -3 =2
& ¢ = —1hodc z =4 ( théa man )
Vay phuong trinh ¢6 nghitm z =—-1; =4

2. Tacongayc+y+2>0vazr—2y,y—22,2—2c #0.



Vi thé 4p dung tinh chat ciia diy ti s6 bang nhau, ta c6

r—2y y—22 2z2—-2r z—-2y+y—2z2+2—-2x —T—-Yy—2

2 T y r+y+z T4 y+z
Vay * — 2y = —z nén z + 2z = 2y, tuong tu ciing c6 dugec y + 2z =
2z, 049 = 2z.

Tedor+y+2=3r=3y=3znénzr =y =2

Vi vay gia tri clia bidu thitc P = (2 +1)(2+1)(2+ 1) = 27.

Bai 2

1. Tim tat ca cac s6 nguyén z va y théa man 222+ 2zy +3y = 4y*+3

Py £ % 5y gz = £ 9 - p
2. Cho cac so nguyén duong x, y va so nguyén to p thoa man ———— =
guy! gT,y guy p 27 + )
it | Chitng minh p = 3y + 2
Chitng minh.

1. Taco 42> +8zy+y* =9y> — 6y + 1 nén 2z +y)* = By —1)*+5
e 2r—-2y+1)(2x+4y—1)=5
Do z,y nguyén nén ta c6 cac truong hgp sau

Truong hop 1 :
25— 2y+41=.1
2r+4y—1=5



20 —2y=0
2r+4y =26

=H=qy=l

Tuong tu véi cac truong hop (5,1); (—1,-5);(=5,—1) , ta dudc céc

nghiém (z,y) théa man la (—2,1)
Vay hé phuong trinh ¢6 2 c@p nghiém (z,y) thoa man la (—2,1) va
(1,1)
2. RO rang z # y, ta ¢6 p* = (z — y)(2z + y)%.
Tit d6 p? chia hét cho (2x + y)? nén p chia hét cho 2z + y.
Vi z,y nguyén duong nén 2x +y > 3 nén 2z + y = p.
Thay vao p* = (z —y)(2z +y)? tacongay r —y =1 hay z = y + 1.

Vivayp=2z+y=2@y+1)+y=3y+2 va ta cé dieu phai ching

minh.

Bai 3

, . a—b?
1. Cho a, b va ¢ la cac so nguyén duong thoa man = a(a—c?).

b

Chitng minh b = c.

2. V6i a,b, ¢ 1a cac s6 thye khong am théa man a < 1,b6< 1,¢ <1

va a® 4+ b* + ¢ = 2. Tim gia tri 16n nhat va gia tri nho nhat cla



4 b4 C4

2 a
bieu thie T' = '
be+2 T at2  @b+2

Chiing minh.

2h+ b% — p
1. Tac6 2 = H—ba nén a’b+ b? — a chia hét cho ab hay b* — a chia
a

hét cho ab nén a chia hét cho b.

Vi vay ton tai s6 nguyén duong k sao cho a = bk.

Lic nay ta c6 duge bk + b? — bk chia hét cho b*k hay bk + b — k chia
hét cho bk.

Do d6 b — k chia hét cho bk nén b chia hét cho k va k chia hét cho b
nén k = b.

Viviya=0b% vithta—c?=0haya=c®nénb=c.

(a®+ 0% +c2)?
ab+bc+ca+6

2. Theo bat ding thic Cauchy-Schwarz, ta c6 T >
4
ab+bc+ca+6
Lai ¢6 a®> + b*> + ¢ > ab + be + ca theo bat déng thic Cauchy nén

ab + bc + ca < 2.

4 1
VivayT > —— = —.
VWS =518 3
Laico (b—1)(c—1)>0nénbc+2>b+c+1>b+c+a.

Ciing ¢6 a(1 — a®) > 0 nén a* < a.
a* a

< .

bc+2 " a+b+c

Tuong tu va cong theo timg vé ta c¢6 ngay

Vi thé ta c6 dude

a b G
< <3 + =17
b+c+a c+a+b a+b+ec




1

; By o " 1 5
Tom lai gia tri nho nhat cia 7' bang 2 chang han khia =0 =c¢=

Con gi4 tri 16n nhat ctia 7 bang 1, chang han khia =b=1con ¢ =

Bai 4

Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (O). Dudng
thing di qua A va song song véi BC' cét (O) tai giao diém thit hai 1a D.
Goi M 1la trung diém ctia doan thing BC. Dudng thang DM cit (O)

tai giao diém thit hai 1a S
1. Chiing minh rang tam giac AC'S déng dang véi tam giac BMS.

2. Goi J la trung diém ctia doan thang AS. Duong thang BJ cit
(O) tai giao diém thit hai 1a 7. Chitng minh ring dudng thing CT

song song vai dudng thing AS.

3. Céc duong cao DE, BF,CK cua tam giac DBC dong quy tai H.
Goi L 1a chan duong vuong goc ké tit H dén KF. Chimg minh
rang cac duong thing AE va DL cit nhau tai mot diém niam trén

duong tron (O)

2

5.
0.

O



S
Chaing manh.

a) Ta c6 LASC = ZBSM (do AC = BD).
Ma ZSBM = /SAC nén hai tam gidc SBM va SAC dong dang.

b) Tit cau a) ta c6 BS - AC = AS - BM = %AS -BC =8J - BC.
BS _ BC

SJ  AC’

Ta thu duge AJBS ~ AABC (c.g.c)

Tu d6 £LJBA = £SBC. Suy ra TC || AS.

¢) DL cét (O) tai X khac D.

Ta ¢6 LDXC = ZDBC = ZDFK nén LXCF noi tiép.

Suy ra DL-DX = DF - DC = DH - DE, suy ra HEXL ndi tiép.
Ké duong kinh DV cta (0). DE cét (O) tai U.

Tac6 LEXL=/DHL = /Z0ODH (do OD L FK)

Suy ra



= %sd Uv= %sd AD= ZAXD.
Vay A, E, X thang hang. Ta c¢6 diéu phai ching minh. O

Bai 5

Cho béang 6 vuong kich thudéc n x n va hai loai miéng ghép hinh "dau
cong", "dau tri" nhu hinh dudi. Ta can phi kin bang 6 vuong da cho
bing cach st dung ca hai loai miéng ghép, cac miéng ghép khong duge
chong lén nhau. Biét ring moi 6 vuong nho clia cac miéng ghép chong
khit v6i mot 6 vuong nhé trong bang va miéng ghép "dau trir" c6 thé

xoay 90°.
1) Chi ra mot cdch phi kin thoéa man yéu cau trén véi n = 6.
2) Tim tat ca gid tri ctia n dé bang 6 vuong kich thude n x n c6 thé
duge phu kin bang cach sit dung ca hai loai miéng ghép trén.
Chiitng manh.

1) Ta c6 cach phi kin bang trong TH n = 6 nhu sau: (phan mau tring

duge ghép bdi cdc "dau tri")



2) To6 mau bang n x n nhu hinh ban ¢d thi mot "dau tri" sé luon phu 1
o trang, 1 6 den, mot "dau cong" luon phu 4 trang, 1 den hoiic 4 den,

1 trang.
Goi 86 "dau trit" dugce sit dung 1a a, s6 "dau cong" 4 trang-1 den va 4
den-1 trang lan lugt duge sit dung 13 b, c. Khi do:
— S6 6 trang duge phu la: a + 4b + c.
— S6 6 den dugc phu la: a + b + 4e.
Ma béng to theo hinh ban ¢d, nén hiéu s6 6 trang trit s6 6 den trong

bang luon thudoe {—1,0,1}, nén 3(b—c) € {—1,0,1}. Do d6 b = ¢. Dan

dén tong s6 6 trong bang 1 2a + 10b, 14 mot s6 chiin, hay n phai chin.

V6i n = 2,n = 4 dé thay khong thé phi duge. Vi n = 6 phit duge nén
v6i n chdn, n > 8 bat ki, ta chi can phii bang con 6 x 6 § mot géc nhu

¥ 1), phan con lai phit bdi cac "dau trit" 1a xong.

Vay, dé bang c¢6 thé phii duge thi n chin van > 6.



